Abstract. In this paper, we introduce the implied volatility from Black-Scholes model and suggest a model for constructing implied volatility surfaces by using the two-dimensional cubic (bi-cubic) spline. In order to utilize a spline method, we acquire grid (knot) points. To this end, we first extract implied volatility curves weighted by trading contracts from market option data and calculate grid points from the extracted curves. At this time, we consider several conditions to avoid arbitrage opportunity. Then, we establish an implied volatility surface, making use of the two-dimensional cubic spline method with previously estimated grid points. The method is shown to satisfy several properties of the implied volatility surface (smile, skew, and flattening) as well as avoid the arbitrage opportunity caused by simple match with market data. To show the merits of our proposed method, we conduct simulations on market data of S&P500 index European options with reasonable and acceptable results.
INTRODUCTION
The option pricing formula of the Black-Scholes model is still the most widely used amongst market practitioners (Han and Lee, 2008; Han et al., 2009) . The main merits of the model include their simplicity, robustness, and ease of implementation. The only unknown parameter in the pricing formula is the volatility of the underlying. In order to obtain it, the historical volatility was proposed and several methods to calculate it has been developed (Parkinson, 1980; Rogers and Satchell, 1991; Rogers et al., 1994) . The option prices using the historical volatility mismatch with the real market option prices since the assumptions of the Black-Scholes model do not satisfy the real market properties. Therefore, instead of the historical volatility, the implied volatility surface (IVS) attained from inverting the Black-Scholes formula is used for consistent valuation of the derivatives with the financial markets (Black and Scholes, 1973) . In other words, the IVS is used for the absence of arbitrage. We usually build the IVS according to the forward-moneyness, which is the strike price divided by the forward price of an underlying asset, and time to expiry. In general, IVS has the shape of smile with the moneyness and the level of im-plied volatilities increases or decreases according to the level of the time to maturity. Since the option prices evaluated by Black-Scholes formula are equal to the real market option prices with implied volatility, modeling the IVS directly becomes a major concern recently. There are several methods to formulate the implied volatility surface (Cont and da Fonseca, 2002; Dumas et al., 1998; Konstantinidi et al., 2008) . Especially, local volatility models that were originally studied by Dupire, Derman et al., and Rubinstein and inserted into highly efficient pricing models by Andersen et al. and Dempster et al. are very much dependent on an estimate of the IVS (Andersen and Brotherton- Ratcliffe, 1997; Dempster and Richards, 2000; Derman and Kani, 1994; Dupire, 1994; Fengler, 2005; Kim et al., 2009; Rubinstein, 1994) . The estimate should be free of arbitrage. Otherwise, negative transition probabilities or negative volatilities might be produced, which can make the algorithm solving the generalized BlackScholes partial differential equation not to converge.
In this paper, we propose a method that builds the IVS, using two-dimensional cubic spline to satisfy several arbitrage-free conditions. The proposed method consists of two phases: the first phase for optimizing a constrained objective function to look for the implied volatilities to be used as the grid points of the two-dimensional cubic spline and the second phase for constructing the IVS with use of the grid points we find in the first phase. The proposed method will, through simulation results, be shown to fit well the real market implied volatility values. The paper is structured as follows. In Section 2, we give some preliminary notions and terminologies that are needed for the subsequent sections. In Section 3, we provide detailed explanations to generate an objective function with arbitrage-free constraints and to construct an IVS with twodimensional cubic spline. Then we show the simulation results in Section 4 and conclude this paper in Section 5.
PRELIMINARY

Black-Scholes Option Pricing Formula
Black-Scholes model is a major breakthrough for pricing options in the financial engineering. It is one of the most well-known and widely used methods. There are several assumptions to derive this formula as follows: 1. The underlying asset price in the model follows a geometric Brownian motion with constant drift, volatility, and interest rate is fixed. 2. The model assumes no transaction costs and taxes, and all securities can be perfectly divisible.
In the case of paying continuous yield dividends the Black-Scholes formula for the European call and put option prices, denoted by V Call and V Put , are given by , , , , ,
where S 0 is the present underlying price, K is the strike price, τ is the time to expiry date, Σ is the volatility of the underlying, N is the cumulative function of a standard normal distribution, r is the risk-free interest rate, δ is the continuous dividend rate, and F 0 is the forward price of the underlying. The forward price is calculated as follow:
Implied Volatility
The volatility is used in the Black-Scholes formula, but the financial market does not provide it explicitly. Though it could be obtained by means of time-series underlying asset prices, the option price generated by the realized volatility of past market data would not match with the market option prices. That stems from the fact that the assumptions of the Black-Scholes formula are too simple to apply to the real market. Hence the implied volatility, which equated the calculated price to the real market price, is one of choices. Implied volatility can be represented in terms of the Black-Scholes formula:
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where C market and P market denote the observed market European call price and put price, respectively, and Σ im (K/F 0 ,τ) is the implied volatility depending on (K/F 0 , τ). Here K/F 0 is called forward-moneyness.
RESEARCH METHODOLOGY
In this section, we provide a way to construct an IVS, using two-dimensional cubic spline based on the implied volatilities of the two-dimensional grid points that are computed through optimization. Although we can use local quadratic polynomial to establish the implied volatility surface directly, it has some drawbacks. It's hard to choose the optimal bandwidth of the kernel function in two-dimensional case and which kernel performs well (Kim et al., 2009) . The proposed method basically consists of two parts. To begin with, we calculate the implied volatilities of grid points through optimization, having noarbitrage and calendar-spread-free conditions. Then, we construct the IVS with two-dimensional cubic spline using the implied volatilities of the grid points.
Calculating Implied Volatility of Grid Points with constraints free of arbitrage
To compute the implied volatilities of the grid points,
